In this paper we investigate the tail behaviour of a random variable which may be viewed as a functional 
Introduction
(ii) has the same tail behaviour as 
where the constant d is as in (2) .
The motivation for the present study comes from the theory of statistical tests, where random variables c emerge as the limit in distribution under the null hypothesis of a sequence of test statistics. Examples will be given shortly.
As the constant d provides a convenient rough description of the limiting distribution of the test statistic at hand, the verification of (2) is a key step in the comparison of statistical tests. In fact, (2) appears as a condition in results for determining approximate Bahadur efficiency [cf. Bahadur (1960) ], in results guaranteeing the coincidence of limiting approximate Bahadur efficiency and limiting Pitman efficiency [cf. Wieand (1975) , Kallenberg and Koning (1995) ], and in deviation results [cf. Inglot and Ledwina (1993) , Koning (1992) , Koning (1994) ]. Deviation results are in turn needed for the computation of Bayes risk efficiency [cf. Rubin and Sethuraman (1965) ], intermediate efficiency [cf. Kallenberg (1983) ] and exact Bahadur efficiency [cf. Bahadur (1960) ]. Refer to Chapter 1 in Nikitin (1995) and Chapter 10 in Serfling (1980) for additional information on efficiency concepts.
For a given testing problem each of the efficiency concepts mentioned above may be used to select an "optimal" statistical test. However, when applying the selected test the rough description d is no longer sufficient, and additional precision is needed to determine the critical value [that is, a selected upper percentage point of the test statistic] and/or the attained significance level of the test. In such a stuation we resort to the random variable in order to obtain a more detailed description of tail behaviour of . We take a special interest in the situation where the time space and the covariance function both have product structure; that is, we have 1 ( The structure of the paper is as follows. In Section 2 we first consider the situation in which no structure is imposed on the "time space"
; the results are exemplified using the Brownian bridge. In Section 3 we explore the situation where the time space and the covariance function obey (5); the results are exemplified using the Brownian pillow. In Section 4 we discuss the use of the random variable in simulating upper percentage points of . In Section 5 we consider the extension of Proposition 1, the main result of Section 3, to more general classes of functionals. 
Tail behaviour of a Gaussian process
For the reproducing kernel Hilbert space 
Tail behaviour of supremum and quadratic tests
Consider a statistical problem, where at stage~it is natural to base statistical tests on a "monitoring process"
, which under the null hypothesis converges in distribution to as~tends to infinity. As an example, one may think of the goodness-of-fit problem, the independence problem and the change-point problem. An appropriate monitoring process in the goodness-of-fit problem is the multivariate empirical process, which converges under the null hypothesis to the tied-down Brownian motion [cf. Durbin (1973) , Eastwood and Eastwood (1992) ]. An appropriate monitoring process in the independence and change-point problems is the Hoeffding, Blum, Kiefer, Rosenblatt multivariate empirical process, which converges under the null hypothesis to Brownian pillow type processes [Hoeffding (1948) , Blum et al (1961) , Csörgő (1979) , Cotterill and Csörgő (1985) ].
In 
Let us recall that in general a self-conjugate positively definite operator in a Hilbert space may have no eigenvalues at all [Kirillov and Gvishiani (1982) , p. 273] so Condition 1 is indeed quite restrictive. Nevertheless, in most statistical applications this condition does hold.
The second part of Condition 1 is fulfilled when, for instance, ¬ ¢ £ is a continuous function of , and is compact. 
Lemma 2 If Condition 1 holds, then
As Inequality 1 implies
with´given by (9) , it immediately follows from Lemma 2 that the random variables e E and ³ have similar tail behaviour, in the sense that ¶·¸¹
In particular, we obtain that (2) holds with´given by (9) .
As noted in the introduction, (2) 
for sequences Ñ É that tend to infinity at a sufficiently slow rate as Ý Þ à ß . A KMTtype approximation is a strong approximation governed by an exponential inequality, as the ones given in Komlós et al (1975) for the partial sum process and the empirical process.
The quality of the KMT-type approximation determines the maximal rate of Ñ É allowed in (11) [cf. Ledwina (1990, 1993) , Koning (1992 Koning ( , 1994 
is a sequence of independent standard normal random variables. For such functionals, Lemma 2 seems to be related to Lemma 2.4 in Gregory (1980) , which states that (10) suggests that for small significance levels the critical value of the test statistic AE e ÇÈ E Ê may be approximated by the corresponding quantile of the random variable ú . However, such an approach is not recommended, since it would lead to a anti-conservative approximate test.
Application to the Brownian bridge
Recall that a Brownian bridge is a zero mean Gaussian process defined on the unit interval, with covariance function
By differentiating both sides of (7) twice [here and below the integrals are computed with respect to the usual Lebesque measure], it follows that the eigenvalues and eigenfunctions belonging to the Brownian bridge are solutions to the differential equation ! " # (12) under the boundary condition 
For this functional we have
. Since the operator
, it follows that the eigenfunctions and the eigenvalues are found from the equation 
. Thus, after normalization we obtain the complete orthonormal system of eigenfunctions , this process coincides with the Brownian pillow.
Although we concentrate on the product structure (5), our results have direct implications for the situation where 
It is seen easily that the tensor product of Hilbert spaces does not depend on the choice of the orthonormal bases in them. have been tabulated [cf. Kolmogorov (1933) , Darling (1952, 1954) ; selected upper percentage points are given in Tabel 1] .
Tail behaviour of supremum and quadratic tests
In our simulation study we performed 10.000 simulations. In each simulation generated the Brownian pillow on a
grid, and computed
. Thus, we obtained 10.000 independent copies . Table 2 summarizes the approximations found in Figures 1-9 , and evaluates the approximations for is the only one occurring in Table 2 which has been tabulated [Blum et al (1961) , see also Cotterill and Csörgő (1985) ]. For this random variable the exact 0.10, 0.05 and 0.01 upper percentage points respectively are
, so the approximation given in Table 2 seems to be quite accurate.
In Cotterill and Csörgő (1985) 
Possible generalizations
In this section we address the question whether it is possible to generalize the key result Proposition 1 for a wider class of functionals. 
It is clear that ® is sublinear and positive homogeneous. We have 
Thus,
where c is the unit ball in © . This yields 
